We address the problem of assessing the coherent character of physical evolution. We take the quantum Zeno effect (QZE) as a characteristic trait of quantum dynamics, and derive relations among transfer rates as a function of the strength of a measurement. These relations support the intuition that only quantum dynamics is susceptible to QZE. With the derived bounds on the magnitude of coherent dynamics, we propose an experimentally accessible coherence witness. Our results have potential application in assessing coherence of quantum transport in biological and other complex many-body systems.
I. INTRODUCTION
In the famous "Hitchhiker's guide to the Galaxy" [1] the author shows that formulating a proper question may turn out to be more difficult than finding its answer, be it 42 or anything else. In physical systems a well stated question on the character of a given system has a fundamental role. Inspired by Douglas Adams we have approached the question of witnessing coherence in the evolution of an open system of which we have a limited knowledge and on which we are allowed to perform a limited set of measurements. The difficulty of formulating a proper question here comes from stating what is understood by quantum coherence, in general terms. To address the latter we have referred to an effect that is a signature of quantum behavior: quantum Zeno effect and from this we have derived our operational definition of coherence.
Characterization of open systems' dynamics is of general interest on its own. However, it becomes even more interesting when applied to systems that are known for their complexity. Prominent examples are many-body systems [2, 3] , nanostructures [4] and biological complexes [5] [6] [7] [8] [9] . Recent debate on the presence of quantum coherence in certain biological complex systems [10] [11] [12] is a prime example that assessing coherence and its character is far from straightforward.
These issues have been addressed from a variety of perspectives. In addition to the early studies of decoherence in quantum walks [13] , a considerable amount of theoretical effort is devoted to understanding the role of quantum coherence in more general contexts, such as resource theories [14, 15] and thermodynamics [16] . In addition, coherence witnesses of quantum states has been linked to the ability of describing the evolution of the system's populations in terms of stochastic propagators, namely, a necessary condition for the absence of quantum inferference [17] .
Regarding the assessment of coherence in physical evolution, several approaches have been put forward. Most notably, the methods of Quantum Process Tomography, -first developed with the profiling of hypothetical quantum computers in mind-are now being exploited to assess coherence in biological complexes [18] . Other proposals include the Leggett-Garg inequality [19] [20] [21] , temporal CHSH inequalities [22, 23] and the so-called no-signalling in time condition [24] . These proposals rely in one way or another in assuming that classical systems can be subject to measurement without perturbation.
In this article, we draw a quantitative link between quantum coherence and the Quantum Zeno effect [25] [26] [27] . Our approach draws from the intuition that the Quantum Zeno effect has a close relationship with the quadratic buildup of probabilities of unitary evolution. In contrast to quantum evolution, it is well understood that classical rate equations are not subject to the QZE even in the presence of measurement back-action. Hence, one may expect that the extent to which a system's dynamics can be subjected to Quantum Zeno effect is an indicator of the amount of coherence present in the evolution. We provide a rigorous quantitative formulation of these ideas. In addition, we show that quantum coherence of physical evolution can be assessed with a minimal set of state preparations and a single measurement setup, providing coherence witnesses potentially tight. Our approach should be regarded as a proof-of-principle, showcasing the essential features of these ideas, but open to a wide variety of extensions tailored to the particular systems or contexts of interest.
The paper is organized as follows. In Section II we define the problem and outline the main result of our work, stating without proof several facts that will be discussed in greater detail in the following sections. In Section III we describe in detail our measurement protocol, and discuss the experimentally accessible quantities that will be used to extract our coherence witness. Section IV derives the effective dynamics within our approximations, by performing an exact adiabatic elimination of population transfer via coherent transitions. This provides a generic closed form for the measured quantities, that will be used in Section V to extract the witnesses that we are interested in. Section VI illustrates our procedure with three examples, and discusses the performance of our bounds. Section VII concludes with some general observations and suggests future lines of work.
II. GENERAL FRAMEWORK AND MAIN RESULTS
Our analysis is concerned with a generic finitedimensional quantum system described by a finitedimensional Hilbert space H . We denote subspaces of H by script uppercase symbols, e.g. P. The most general time-independent evolution in the Markovian approximation is described by the master equation
where L is a time-independent, Lindblad-Kossakowski superoperator [28, 29] L
Here H stands for a Hamiltonian and {W µ } is a set of jump operators representing the noise. As a general rule, we will write linear operators on H with Greek or upper case symbols, and superoperators (linear maps thereof) will be written in calligraphic letters (e.g. P) with the single exception of φ, which denotes a completely-positive superoperator.
Given L and a set of jump operators {W µ }, Hamiltonian H is uniquely determined. Here we do not assume detailed knowledge of jump operators, but we assume certain property of noisy mechanism at work and focus on the question as to how to obtain information on the missing H. Cases when we cannot uniquely determine the Hamiltonian part of L will be mentioned later.
We focus our attention on systems for which there exists a set of n orthogonal projections
for all i. Intuitively, this condition enforces that there exists a decomposition of the system's Hilbert space
with respect to which the incoherent mechanism does not create coherence, and neither does its adjointincoherent states remain incoherent in the Schroedinger picture, and so do observables in the Heisenberg picture-. This is the only property of the noisy evolution that we assume to be known. In Section VI we will provide natural examples where this is the case. Our work aims at providing experimentally accessible measures of coherence obtained by the outcomes of a unique measurement characterized by projectors {P i }. By implementing a Hamiltonian kH m = k ∑ i η i P i in addition to the system's dynamics L, the coherent coupling among subspaces P i is suppressed at leading order in 1/k. The actual transition probabilities are mediated, at leading order (O(1)), by the effective incoherent dynamics derived from the dissipative part of L. At subleading order O(1/k) the population transfer among H m 's eigenstates is mediated via virtual transitions through superposition states. It will be this dependence on k that will reveal the contribution of quantum coherence to the observed population transfer rates.
We consider two types of coherence measures: on the level of decomposition (3), we consider the offdiagonal blocks H ij = P i HP j and their 2-norm H ij 2 = (tr[H † ij H ij ]) 1/2 as a measure of how strongly subspaces P i and P j are coupled. These quantities are readily accessible from our formalism. In addition, our scheme provides lower bounds to the spectral spread of the system's Hamiltonian H,
where {λ i (H)} represent H's eigenvalues. Consider the probabilities of preparing the system in states ρ j = P j / dim P j at time 0 and obtianing outcome P i at time t, when the coupling strength is set at k. These probabilities are arranged in [P(k, t)] ij . As a general rule all matrices of observable magnitudes derived from P will be written in sans-serif caption. With a suitably chosen tensor W ijk whose components depend on the chosen values of k, the time t and the eigenvalues η i of H m , we have that for i = j
withṖ denoting the probabilities' derivatives w.r.t. time, and the sum over k running over a finite set of values K. This provides a quantifier for the size of each offdiagonal block in the Hamiltonian. In the ideal case of decomposition (3) into one-dimensional subspaces, this procedure determines the norm of each off-diagonal entry in H. This information is sufficient, in itself to bound C(H) away from zero. However, the H ij do not contain all the information present inṖ. In the following we provide a lower bound based on the latter. A coherence witness for C(H) is an experimentally accessible quantity Ω such that
As we will show, the following is a coherence witness for C(H),
where X ∞ denotes the operator bound norm, i.e. X's largest eigenvalue, D = diag(dim P 1 , . . . , dim P n ) and K is a finite set of values of parameter k.
In deriving this inequality, we will show that it is the system's susceptibility to Zeno effect, namely, the potential for altering the system's dynamics by continuous measurement, that reveals the presence of a coherent contribution to the system's evolution.
The present work is a proof-of-principle for establishing noise-independent lower bounds on C(H) and estimates of H ij 2 with minimal assumptions and preparation/measurement setups.
III. MEASUREMENT SCHEME
We begin with a generic master equation of the form Eq. (1) with time-independent generator L, subject to an additional controllable Hamiltonian
which we call measurement Hamiltonian. We will use an overall parameter k to denote the intensity of this, and thus regard H m as dimensionless.
We use Hamiltonian H m to induce a continuous coherent driving, with H m having no more degeneracy than that imposed by the ranks of the projectors P i ,
The effective result of this driving is an induced quantum Zeno effect on the coherent part of the system's dynamics. With our setup, the Zeno subspaces are {P i }, and we make no assumptions on their dimensions other than being known, d i ≡ trP i . It is not necessary for us to assume any specific values of eigenvalues η i , however, from the perspective of the technique used in the course of this work, our preferred choice of the measurement design is to make the differences (η i − η j ) unique.
The dynamics of the system is given by the equation
We assume that the frequencies related to kH m are not faster nor comparable to the frequencies related to the processes underlying decoherence in the dynamics given by jump operators {W µ }. In other words, the magnitude of kH m does not conflict with the Markovian approximation underlying Eqs. (1). In the following, when we refer to the large k limit, and denote it by k → ∞, one must bear in mind that this limit is constrained within the validity of the Markovian approximation underlying Eq. (1). With this consideration in mind, we can safely assume that the Lindblad representation of the evolution is valid throughout the entire measurement and the system's dynamics remains Markovian [30] . We consider the system initialized in the maximally mixed state in one of the measurement subspaces, namely, ρ(0) = ρ i ≡ P i /d i . Next, we introduce the projection superoperator, a centralizer of H m , defined as
along with its complementary projector
where I is the identity superoperator. With the above mentioned choice of the initial state, we satisfy
We choose the measurement protocol to be the following:
1. Preparation: The system is prepared at time 0 in one of the measurement subspaces: ρ(0) = ρ j , 2. Evolution: Let the system evolve for the appropriately chosen small time t, with continuous driving kH m (with strength k).
Measurement:
At time t a conclusive projective measurement {P i } is performed.
Estimation:
Repetition of this process with different initial preparations yields the probabilities of finding outcome i at time t, when the system was prepared at time 0 in state j, and the evolution is continuously driven with H m at strength k.
This procedure yields the generalized transition probabilities p i←j (k, t), which can be conveniently arranged
at various times and coupling strength values, k, one obtains sufficient information about the dynamics to be able to place lower bounds to the amount of coherence and decoherence present in the dynamics. We regard the rates
as the time-derivative of the transition probabilitieṡ
Our set of experimental data will consist of transition rates between various measurement subspaces (i, j) for a set of measurement strengths K = {k 1 , . . . , k N }, measured at appropriately chosen small time t. The next requirement in our analysis is to establish an analytical correspondence between transition rates and specific properties of the Lindblad superoperator that we are interested in.
IV. EFFECTIVE DYNAMICS
Now we obtain the dynamics of the centralized density operator P [ρ(t)] at suitably chosen small times t, in terms of the initial state ρ(0) = P [ρ] and the driving strength k. It is convenient for our purposes to write L as a combination of two terms,
where we have defined
Here, ad H is the adjoint action well known in the theory of Lie algebras [31] , and φ is a completely-positive map,
In (14b) φ * = ∑ µ W † µ · W µ denotes the adjoint of φ with respect to the Hilbert-Schmidt inner product, i.e.,
We start with the generalized Liouville equation [32] including kH m , where k controls the strength of the driving mechanism,
We are interested in the dynamics of the system for small times t ≪ 1/ L as compared with the typical timescales of the Lindblad generator. The details of the derivation are contained in Appendix A. At next-toleading order in t we have
where U (t)[x] = e itk H m xe −itk H m . One can readily see that first term P LP = −iPad H Z P + P L φ P gives rise to the effective Zeno Hamiltonian H z = P [H], together with the effective dissipative dynamics among subspaces {P i }. The second term contains the adiabatically eliminated population transfer due to coherences, which occur only at next-to-leading order in the strong driving kH m . This expression is amenable to exact integration, thus yielding Note that when we take k → ∞, the master equation reduces to
(19) The above can be understood as an effective (Zeno) dynamics characterized by L Z = P LP, which acting on centralized states ρ(0) = P [ρ(0)] can be expressed as (20) where 
with immediate generalization to the expression encountered in Eq. (18c). Superoperators D 0 and D 1 capture the essential physics revealed by the measurements, and the population transfer rates (Eq. (12)) are given by
To discuss the consequences of both D 0 (t) and D 1 (t) we need to treat them on equal footing. Therefore we need to guarantee that the second order term in D 0 (t) can be compared with D 1 (t), due to the magnitudes of tL and k. We find that kt ∼ 1 is a suitable regime of k to work with.
V. BOUNDS ON COHERENCE
We are now in a position where we can derive bounds for coherence measures of ad H , and thus, come to the main results of the present work. As has been discussed in the introduction, in the strong driving regime (Zeno regime, k → ∞) all coherent population transfer between the Zeno subspaces is suppressed, and the remaining dynamics between those can ultimately be attributed to the incoherent processes of the system. We illustrate this with examples in Section VI. This does not mean that incoherent dynamics is unaffected by the measurement. As shown in Eq. (20) the map φ describing the incoherent process is also modified, but it remains relevant as long as population transfer is regarded.
The main observation which will be recurring in the following is that the rate matrix,Ṗ, can be regarded as a minor of the matrix representation of the super- 
In addition, we arrange dimensions d i in the matrix
The normalized rates R (k) ij (t) can be written as
Recalling that Q(·) = ∑ r =s P r (·)P s and H m P r = η r P r we can write
where Q rs [·] = P r · P s projects on a specific off-diagonal block corresponding to the pair (r, s),
With the right choice of {η r }, the differences η r − η s are unique, and the off-diagonal blocks Q rs gain unique frequencies. Next, we recover the matrix representation of P LQ rs LP by a suitable linear transform. The contribution to the R matrix away from the Zeno regime (k → ∞) has been shown to be
where 
we can write R (1) as
The matrix M is indexed by the different values of k ∈ K and the frequencies µ = {1, . . . , n(n − 1)}. Therefore M is not necessarily a square matrix, and the number of rows depends on our choice of how many values of k are sampled. Let us assume that we chose to sample one more value of k than that of frequencies, i.e., |K| = n(n − 1)
Let us introduce the pseudoinverse of M, W such that
This can be always satisfied when |K| = n(n − 1) + 1 by taking the singular value decomposition of M,
where we have highlighted the lower n(n − 1) × n(n − 1) block corresponding to the S = diag(s 1 , . . . s n(n−1) ) singular values of M. Let u kk ′ be the matrix elements of U. Then the choice
where x is a vector defined as
is a solution to Eqs. (31) . A few words of caution are in order. In choosing the energy levels of H m and values of k, one must ensure that M has n(n − 1) nonzero singular values. Otherwise Eq. (34) is ill-defined. Fortunately, the freedom in choosing these values is large enough to make sure this case is always avoidable.
Having at hand the pseudoinverse W one can use it to obtain
The first sum vanishes due to Eq. (31b) leading to
The T µ matrix may be called Zeno susceptibility as it determines how the system's frequency ω µ responds under the Zeno measurement, or continuous driving. Finally, by taking into account assumptions discussed in the beginning of this work (2), one can show that [See Appendix B 1]
so that T µ can be written as
T µ is the matrix representation of ad H Q µ ad H within the subspace of L(H) spanned by {P i }. These matrices contain the essential information which we are interested in. The motivation of assumption (2) 
-or equivalently (38)-is now clear. It ensures that incoherent dynamics does not couple Zeno subspaces in the adiabatically eliminated virtual -second order-transitions.

A. Coherent coupling between Zeno subspaces
The magnitude of C(H) characterizes the fastest timescales at which the system can coherently evolve and will concern us later. However, as will be seen in Section VI, the measurement specified by {P i } often represents a physically meaningful decomposition of the system's Hilbert space. It is therefore of interest to quantify the coupling among subspaces P i induced by the system's Hamiltonian H. Consider a pair of subspaces P i , P j , and the corresponding block in the Hamiltonian, given by the operator H ij = P i HP j . The norm on the latter immediately quantifies the strength of the coupling between P i and P j . In particular, the HilbertSchmidt norm, X 2 = tr[XX † ], is directly related to Zeno susceptibility T µ . Indeed, an easy calculation shows that, for i = j
which shows that the 2-norm of H ij is readily available from our measurement scheme. Eq. (40) combined with Eqs. (35) and (24) gives the claimed result, Eq. (5). The singular value decomposition of H ij suggests that there are bases in P i , P j such that [supposing
with U, V unitaries in P i , P j respectively. Hence the singular values of h ij are the largest coupling strengths that two orthogonal sets of vectors in P i , P j can have. Thus, H ij 2 = ∑ n s 2 n measures the coherent coupling strength between subspaces P i and P j .
B. A universal measure of coherence
The magnitudes H ij 2 characterize the coupling strengths among Zeno subspaces P i , P j , but one may be interested in obtaining estimates of the overall total strength of the Hamiltonian H. This is of course not always possible due to couplings occurring within any given Zeno subspace, which are not accessible to our measurement scheme. However, the dependence of the rates R on k can provide nontrivial lower bounds to C(H).
Summing Eq. (39) over all distinct pairs µ = (r, s), r = s we get
Observing that Qad H [P j ] = ad H [P j ], -namely, commutators only couple populations to coherences and viceversa, so the presence ofP j allows to remove the coherence projector Q,-leads to the conclusion
Clearly C is positive semidefinite, thus it has a well defined square root. Let us define its operator norm
Exploiting the monotonicity of the operator norm [See Appendix B 2] we show that Ω is a lower bound to the induced Hilbert-Schmidt superoperator norm of ad H Ω ≤ max
The induced Hilbert-Schmidt norm is ad H 2 = C(H) [see Appendix B 3] ,
where E max , E min are the highest and lowest energy eigenvalues respectively. This combined with Eqs. (42), (35) and (24) yields our main result, Eq. (7). A nonzero value of Ω is a witness that there is a nontrivial Hamiltonian contributing to the dynamics. This, in turn is an indicator that the dynamics of the system cannot be explained solely in terms of classical rate equations. More precisely, the experimentally accessible Ω provides a lower bound on the spectral spread of H, C(H). Notice that in obtaining this bound, only generic assumptions of the dissipation are made, and no requirement is put on its strength. Naturally, if L is very large, the timescales t at which the system needs to be measured become small; this may be due to very high decoherence rates. However, given the order of magnitude of the L , and a properly chosen small time t, the resulting bounds are independent of the details of the decoherence process or its actual strength.
VI. EXAMPLES
A. A qubit undergoing Rabi oscillations
As a first example we consider a simple two level system undergoing a spontaneous emission type incoherent process. We use the Pauli basis to write
where σ − = |0 1| and E, θ and γ are parameters of the model. Our measures of coherence in this model are easily shown to be
In addition, there is only one nontrivial decomposition Eq. (3), consistent with Eq. (2), namely: P 1 = |1 1| and P 2 = |2 2|. The effective Zeno dynamics given by (52) is governed by the Zeno Hamiltonian H Z = ∆ 2 cos θσ z and the incoherent part which stays unaffected. The relevant superoperators take the form and
yielding the following results, Fig. 1 shows the relation between C(H) and the bound Ω provided by our scheme. It illustrates in the simplest possible scenario the performance and limitations of our proposal. When the effective Zeno Hamiltonian differs the most from the true undriven Hamiltonian (θ = π/2) our methods provide the best bound (Ω = C(H) = 1). In all other cases, the bounds may be loose, to the extreme case of being trivially zero when the dynamics rests unaffected by the decoupling mechanism (θ = 0, π). Most remarkably, this simple example shows that the coherence witness Ω is potentially tight.
B. N-site spin chain with roller coaster energy landscape
As a second example we take a N-site spin chain with nearest neighbor coupling J and a roller coaster type energy landscape with a gap E between the consecutive sites,
The action of the environment is given by incoherent hoping among nearest-neighbor sites, described by jump operators W nm
The effective dynamics in the Zeno regime is given by
Clearly, a more coarse grained decomposition in Zeno subspaces results in more off-diagonal terms from H persistent in H Z , whereas with less coarse grained Zeno subspaces (i.e. more 'resolution' in the measurement setting) more off-diagonal terms are eliminated in the Zeno regime. Therefore the performance of Ω will strongly depend on the resolution of the measurement. It is worthy of mentioning that a coarse grained Zeno subspace decomposition {P i } leaves L φ unaffected if the finegrained also does so, i.e., L φ eff = L φ , as is the case for the model considered here. Let us go back now to the discussion of the performance of witness Ω. 
It is clear that the best bound is obtained with rank-1 (single-site) projectors. We can see as well, that for increasing number of sites the coarse grained type of measurement, Ω 1,N−2,1 approaches Ω 1,N−1 ; which is to be expected. More details on the behavior of Ω 1,...,N can be seen in Fig. 3 : it shows C(H) and Ω 1,...,N obtained from a single-site resolving measurement, both as functions of the number of sites and coupling J. As can be seen Ω 1,...,N follows the behavior of C(H).
C. N-site spin chain with ladder energy landscape
Here we take the N-site spin chain with the nearest neighbor coupling J and a ladder type energy landscape characterized by the energy step E
Similarly to the previous case, the action of the environment is given by incoherent hoping, Eq. (60). The effective dynamics in the Zeno regime takes analogous form as in the previous subsection, Eq. (61), but with the energy levels decreasing linearly with n. As previously, the incoherent part of the dynamics is unaltered in the Zeno regime: L φ eff = L φ . Fig. 2 (dashed curve) shows results for C(H) for the ladder model. The larger N, the looser are the bounds obtained. This is due to the fact that for a fixed value of J and increasing N the coherence measure C(H) is dominated by the diagonal part of H and is of order N. This is a general feature of our method: the more "aligned" with the eigenspaces of H the Zeno subspaces are, the less effective our witness is. This occurs because in these situations the Zeno effect has essentially little coupling to suppress.
Nevertheless, Fig. 4 illustrates that even for the ladder model, our scheme provides bounds sensible to the strength J and the measurement can reveal the magnitude of the couplings between the Zeno subspaces.
In both cases, roller coaster and ladder type energy landscape, one could consider also dephasing. It can be shown that also for this type of noise L φ = L eff . However, we have checked that in the examples provided dephasing does not bring anything new to the discussion and therefore we have focused on the incoherent hopping as a main source of decoherence.
VII. DISCUSSION
We have shown how a measurement protocol and analysis based on the notion of Zeno susceptibility can be used as a means for witnessing coherence. Our results constitute a proof-of-principle for using the Zeno effect, implemented by means of continuous driving, as a signature of nonclassicality. That the Quantum Zeno Effect is a genuinely quantum phenomenon is rather intuitive. The flipside of this statement is that dynamics susceptible to QZE are necessarily quantum. However, for noisy systems this susceptibility will only be partial. Hence, the amount by which the system's dynamics is affected upon continuous driving is an indicator of how much of said dynamics is due to coherent processes. Here we have shown how to make this statement quantitative, rigorous and operational.
The approach outlined here may be extended towards situations in which some of our assumptions fail to hold. This could be done in a variety of ways, and an exhaustive study is well beyond the scope of this work. We outline here a few of them.
A. Generalizations
The measurement protocol suggested has advantages and disadvantages: it does not rely on any specific choice of dimensions of P i but it relies on the fact that the system's Hilbert space can be decomposed into Zeno subspaces compatible with the noise (in accordance with Eq. (2)) and that this decomposition is known. This requirement may be lifted if one is willing to generalize our notion of coherence. We propose here candidates for extension of our approach. Given a Lindblad superoperator of the form Eq. (1b), the Hamiltonian and jump operators are not uniquely defined. The transformations
leave L invariant [33] . A universal measure of coherence which is independent of the particular representation of L could be given by
where it is understood that H and W µ are the Hamiltonian and jump operators of any representation of L. This quantity becomes zero if and only if the system's master equation can be entirely written in terms of jump operators -with no Hamiltonian-. In addition, it is invariant under the addition of a decoherence term -e.g.,
for arbitrary φ-which supports the notion of being able to single out the coherent part of L despite the presence of noise. We leave as open problem to determine whether this quantity can be easily computed and/or measured. The lifting of C(H) to C(L) can be seen as a relaxation or a tightening of our problem. On the one hand it tightens our framework by requiring to optimize a superoperator norm over all possible representations of L. On the other hand, it is a relaxation because the only natural setup for using Eq. (64) is when no assumptions are made about W µ 's. In particular, relaxation of assumptions (2) seems a natural framework in which to consider quantities which depend solely on L and not one of its particular representations, as is Eq. (64).
Along with the general notion of coherence comes a natural question on a measure of decoherence that could be used as a reference. In this work we refer to L , the fastest timescales of the system's dynamics, as an upper bound to the fastest decoherence timescales (assuming that they are known) which dictate the smallness of t. However, a systematic approach is suggested by the so- 
B. Implementations
Experiments with continuous driving may be challenging in certain physical systems of interest. How-ever, the QZE can be induced by other means, such as continuous measurement [34] or dynamical decoupling [35] . Since the essence of our analysis relies not in the Zeno limit, but in how this limit is approached (the next-to-leading order contribution in the asymptotic expansions), it is not immediate that the same results will translate to these other setups. The ideas, however, should not vary in their essence. We leave the task of understanding how our ideas carry over to these setups for future work.
In the case of implementation by means of continuous measurement, one may also track the set of measurement outcomes and not only the outcome of the final projective measurement. Then a parameter estimation could be applied, such as [36] , where authors discuss parameter inference from a continuously measured system with an application to quantum optics. The difficulty then relies in designing a general enough statistical parametric model capturing the specifics of our problem, while general enough to accommodate for unknown L dynamics. This procedure may allow to obtain more accurate estimates of Ω and even tighter bounds of C.
Regarding the tightness of inequality (46), one should note that only as much as is measured can be learnt: Hamiltonians that commute with the measurement Hamiltonian will be totally beyond reach of witness Ω. In such cases, a different measurement basis and/or preparations will be required. For all other systems, Ω will provide a nontrivial lower bound to C(H). As shown by examples, the more "noncommuting" the unknown Hamiltonian, the tighter inequality (46) will be. The virtue of this method is that it assumes noisy dynamics and, in our scheme, it provides bounds that are robust to the strength of noise.
Building the statistics needed for estimatingṖ is simple, but it may be challenging to work in the regime of small times and appropriate values of k. A deeper study of the timeframes for which the reduced system dynamics is Markovian (for large k) will allow to safely lift this small time constraint. therefore we can write the time-evolution channel (in the interaction picture) and the density operator as E (t, t 0 ) = T exp 
This operator characterizes the nonmarkovianity of P [ρ(t)], as its evolution cannot be uniquely determined without reference to the coherences Q[ρ]. The operator K(t, s) provides the accumulated non-Markovianity at time t. Numerical evidence shows that for relatively large values of k ∼ ad H m , K(t) is of order 1/k up to some time T, after which it becomes an important contribution, suggesting that after time T the system acquires enough memory to make the non-Markovian effects relevant. A detailed study of this phenomenon is beyond the scope of this work. Nevertheless, it is interesting to note that the contribution of the second line in Eq. (A9) characterizes the adiabatically eliminated transitions among Zeno subspaces, mediated by coherences originated at time s, and evolving over time until t. The overall effect of this is a correction to the leading order dynamics. The relative relevance of this term will dictate whether transitions among subspaces occur due to incoherent firstorder processes or through these virtual second-order transitions.
Instead of attempting a full solution of Eq. (A9) we find it constructive to consider the evolution at small times t such that ǫ = t L ≪ 1. In this case, L has the dimension 1/t and determines the magnitude of the fastest timescales arising in Eq. (1) . With the small parameter introduced, we can write 
